Starting from a short review of spaces of generalized sections of vector bundles, we give a concise systematic description, in precise geometric terms, of Leray densities, principal value densities, propagators and elementary solutions of field equations in flat spacetime. We then sketch a partly original geometric presentation of free quantum fields and show how propagators arise from their graded commutators in the boson and fermion cases.
Introduction
Propagators and delta-functions are ubiquitous in the physiscs literature [8, 11] , but are often introduced in an informal way by writing down the main needed formulae and then reducing other calculations to those, possibly by ad hoc variable changes. However it's reasonable to say that the matter can be better handled if we avail of a more systematic treatment, based on a precise geometric description in terms of distributions. These are the subject of a beautiful and rigorous mathematical theory, covered by excellent classical texts. The use of the fundamental notions of this theory is quite natural once they are assimilated, though at first sight the most abstract concepts, and the proofs of the main theorems, may not appeal to the practical-minded. We could even argue that generalized densities are more natural in physics then actual functions.
Section §1 aims at a concise but sperably clear enough summary of notions and results about spaces of generalized sections of vector bundles. While our notation is not completely standard, and we also focus on a few concepts which are not often treated explicitely, the essentials of most details and proofs can be found, for example, in the classical text by Schwartz [10] , or in Choquet-Bruhat and DeWitt-Morette [7] . We specially insist on the geometric aspect of the matter. We consider generalized densities, semi-densities and currents, as well as delta-type densities and principal value densities.
In section §2 we try to give a systematic though synthetic introduction to Leray densities, principal value densities, propagators and elementary solutions of field equations in flat spacetime. We aim at a thorough exploration of the relations among several involved objects, the different ways in which they can be defined and their Fourier transforms, as well as at their roles in the determination of elementary solutions of the Klein-Gordon equation and of the Dirac equation (with the D'Alembert equation and the Weyl equation as special cases).
In section §3 we sketch a partly original geometric presentation of free quantum fields introduced in previous papers [5, 6] , and show how propagators arise from their graded commutators both in the boson and in the fermion case.
1 Distributional spaces
Unit spaces
Physical scales (or "dimensions") are usually dealt with in an informal way, but a more formal approach helps to clarify the geometric background of a theory. Now and then various proposals pop up in the arxiv.org website, apparently unaware of each other, but we maintain that by far the clearest and algebraically most precise setting was introduced around 1995 after an idea of M. Modugno, and has been used since then in papers of various authors. 1 We now sketch the basic notions that will be used in the sequel.
A semi-vector space is defined to be a set equipped with an internal addition map and multiplication by positive reals, fulfilling the usual axioms of vector spaces except those properties which involve opposites and the zero element. A semi-vector space U is called a positive space if the multiplication R + × U → U is a transitive left action of the group (R + , · ) on U. Then a positive space cannot have a zero element. In particular, any vector space is a semi-vector space, while the set of linear combinations over R + of n independent vectors in a vector space is a positive space.
Most algebraic notions related to vector spaces, like dimensionality, linearity, duality and tensor products, can be seamlessly extended to positive spaces. A 1-dimensional positive space is called a unit space, or a scale space. Integer tensor powers U p ≡ U ⊗ ··· ⊗ U (p ∈ N factors) of a unit space U are again unit spaces. This also holds for negative tensor powers, defined as U −p ≡ (U * ) p . Moreover if V is a vector space then the tensor product U ⊗ V is a well-defined vector space which can be regarded as a "scaled" version of V . If (u, v) ∈ U × V then we use the "number-like" notation u v ≡ u ⊗ v. Moeover u has a unique inverse or dual u −1 ≡ u * ∈ U −1 , so that we can formally treat elements in U as positive numbers.
Furthermore for any p ∈ N there is a natural construction [4] of a unit space U 1/p fulfilling (U 1/p ) p ∼ = U, hence we also obtain rational powers of unit spaces.
In many physical theories it is convenient to assume the space T of time units, the space L of length units, and the space M of mass units, and construct any other needed scale space as
Two sections σ : M → E and σ ′ : M → S ⊗ E of differently scaled vector bundles can be compared by means of a coupling constant s ∈ S. In an unscaled frame, the components of an S-scaled section are valued into S ⊗ R . In particular we have the speed of light c ∈ T −1 ⊗ L and Planck's constant ∈ T −1 ⊗ L 2 ⊗ M . Together, these determine isomorphisms T ∼ = L and M ∼ = L −1 , so we can actually reduce all scale spaces to powers of L ; this is sometimes called the natural system, corresponding to the setting c = = 1. Then, in particular, a mass is an element m ∈ L −1 and, in Einstein spacetime (M , g), we identify the bundle P ∼ = M ⊗ L 2 ⊗ T −1 ⊗ T * M of 4-momenta with T * M .
Generalized sections
If M is an m-dimensional oriented classical manifold 2 
In fact any compact subset in X is also a compact subset in M , and the natural smooth extension of an element in D • (X, V X ) is obtained by letting it vanish in M \ X. However note that if K ⊂ M is compact then K ∩ X is not compact in general, so there is no natural projection
Definition 1.1 A sequence (u j ) : N → D • (M , V ) is said to be converging to zero, or a null sequence, if for any fibered coordinate chart V X → R m × K n its coordinate expression and the coordinate expressions of its partial derivatives, at any order, all converge uniformly to 0 on every compact subset C ⊂ X.
In the above definition, K is either R or C . Now a bundle atlas on V M determines a topology on
2 By a classical manifold we mean a Hausdorff paracompact smooth real manifold of finite dimension (while typical quantum state spaces and bundles are infinite-dimensional).
for every null sequence (u j 
The vector space of all such continuous functionals, also called distributions, is the topological dual of D • (M , V ), which we denote as 3
This can be seen as a space of generalized sections, in the following sense. We define an ordinary V * -valued density 4 θ : M → V * ⊗ M V * to be locally integrable if the ordinary density
is integrable for all u ∈ D • (M , V ) . Then θ can be identified with a distribution by the rule
has a natural topology [10] , such that every element θ of its can be written as the limit, in a strong sense, of sequences (θ j ) of ordinary locally integrable densities. This implies also weak convergence, namely for any u ∈ D • (M , V ) we have
This justifies the use of writing θ, u in the form of an ordinary integral (to be intended in a generalized sense), even if the value θ(x) at any x ∈ M may have no meaning at all. Also, the formal properties of the integral still hold.
The vector space
of all ordinary smooth V * -valued densities with compact support, whose topological dual is the space
is a vector subspace. So the symbols D • and D can be used for test sections and generalised sections of any vector bundle over M ; the shorthand D V is useful for denoting generalized densities.
It turns out that
On the other hand, there is no natural inclusion D(X, V X ) ⊂ D(M , V ), as there is no natural way of extending a distribution on X (even more, such extension may not exist at all). However, a gluing property holds: if {X α } is an open covering of M , V α := ← p(X α ) and {θ i ∈ D(X α , V β )} is a family of generalized sections such that θ α and θ β coincide on X α ∩ X β whenever this is non-empty, then there is a unique θ ∈ D(M , V ) whose restriction to X α coincides with θ α for all α .
A generalized section has a coordinate expression just like an ordinary section. If b i is a local frame of V and b i is the dual frame of V * , then σ ∈ D(M , V ) can be locally written as σ = σ i b i where σ i ∈ D(M , K) is given by
3 In the standard literature, the most usual notation is D for the space of test maps and D ′ for the corresponding distributional space. 4 Here V * M may stand for either the real or the complex dual bundle.
Pull-backs and push-forwards of ordinary sections, relatively to bundle morphisms with appropriate properties, can be naturally extended to generalized sections. In particular, a fibred linear automorphism Φ : V → V over a diffeomorphism of the base manifold yields a linear automorphism Φ * of D V (M , V ) . Note that in texts in analysis Φ * θ is sometimes indicated by θ • Φ , which is somewhat misleading. Actually if θ ∈ D V (R m , C) and F : R m → R m is continuous and invertible then we have
The main operators of standard differential geometry, like exterior differential, Lie derivative along a vector field, and the covariant derivative with respect to a given connection, can be straightforwardly extended to act on the appropriate generalized sections. The coordinate expressions of such extended operators are formally the same as those of their standard counterpart. The constructions are based on integration by parts and the fact that test sections have compact support. In particular, if v : M → TM is a smooth vector field and f : M C is a generalized function, then the generalized function v.f is defined by the requirement that the identity v.f , β = − f , L v β holds for any test density β (this also includes partial derivatives).
Generalized currents and semi-densities
The "target" V in D(M , V ) can be replaced by any vector bundle over M . In particular we obtain the space
, which by obvious isomorphisms can be seen as the topological dual of the space
, as a generalized density ω can be identified with the generalized sectionω through the relation ω = η ⊗ω .
Since the fibers of V M are unit spaces we can also consider spaces D(M , V q ⊗ M V ) with q ∈ Q . For q = −1/2 we obtain the space of generalized V -valued semi-densities. In this special case we use the notation
, while in general the inclusion of an arbitrary test space into its topological dual is subjected to the choice of a volume form.
Let now assume that V M is a complex bundle whose fibers are endowed with a Hermitian structure. Then we have an anti-isomorphism / 
Tensor products
The tensor product of any two (possibly infinite-dimensional) vector spaces U and V is constituted by all finite sums of the type i u i ⊗ v i , with u i ∈ U , v i ∈ V . If V M and W N are vector bundles over oriented classical base manifolds then we have a natural linear inclusion
characterized by the identification (s ⊗ t)(x, y) ≡ s(x) ⊗ t(y) . It can be proved [10] that the above inclusion is dense, namely any element in the latter space is the sum of infinite series of the type
θ, s i φ, t i converges, so that we also have a natural inclusion
Furthermore this turns out to be a dense inclusion too, namely any element in the latter space is the sum of infinite series of the type
Then the latter space is the closure of the former, and we possibly denote it as
Most standard operations of finite-dimensional tensor algebra, including contractions, can be naturally extended to the present setting, though in some cases they may well-defined only in a generalized sense. We shall deal with such issues, in particular, in the context of multi-particle state spaces.
Symmetrized and antisymmetrized tensor products of any given distributional space are straightforwardly introduced according to the general definition, and naturally extended their closures. Symmetric and anti-symmetric tensors, namely elements in
It may be worthwhile to note that they are not valued in the fibersymmetrized or antisymmetrized bundles
For notational simplicity we discuss kernels in the case when there is a distinguished volume form on the base manifold M , so that one makes the identification
This is true when M is the spacetime manifold, which is the main situation of interest in the present paper.
We denote transposition by an asterisk, i.e. the transpose kernel is
. One may consider various regularity properties regarding kernels [10] . In particular, the kernel K is said to be left (resp. right) semi-regular if for any
is actually a smooth section. A kernel which is both left and right semi-segular is said to be regular.
Kernels have an important role in the study of solutions of field equations ( §1.9).
Delta-type densities
The spaces D(M , K) and D V (M , K) of scalar generalized functions and scalar densities can be seen as special cases of generalized sections by setting
given by restriction. Namely, any ν ∈ D V (N , K) can be seen as a generalized density on M whose support is contained in N . We may call this a δ-type density, since the usual Dirac delta
can be seen as a particular case where N = {x 0 } . Note that not all generalized densities with support contained in N are in D V (N , K). For example if v is a vector field transversal to N , and 
. More generally we can consider scaled functions and densities. If η : M → U ⊗ V * M is a scaled volume form and f : M → R ⊗ S is a scaled function, then
The m−1-form ω[f ] of proposition 1.1 is called a Leray form. The induced generalized density on M is denoted by the same symbol. In the literature it is often denoted by δ f or δ(f ) . This is explained by the following result, which is easily proved by means of adapted coordinate charts.
The Heaviside distribution H on R is defined by H, u = +∞ 0 u(x) dx for any test function u , and is related to Leray densities by the following result.
Accordingly, if no confusion arises, we may also write
If U is a real vector space and η is a volume form on it then for u 0 ∈ U we write δ u 0 =δ u 0 η, whereδ u 0 is the generalized function which is usually denoted as δ(u − u 0 ). We can also introduce the distribution which in particle physics is denoted by δ(u 1 + u 2 + ··· + u r ) as the generalized function on U r associated with the Leray density ω[f ] , with f (u 1 , ··· , u r ) = u 1 + ··· + u r .
Principal value densities
Let f : M → R and N ⊂ M be as in the statement of proposition 1.
It is clear that in general θ/f cannot be extended to a functional acting on all test sections in D • (M , V * ), but in certain cases it is actually possible to find a natural extension.
In particular pv(θ/f ) certainly exists if θ is a smooth ordinary density. This fact can be checked, just for simplicity, when N is contained in the domain X of a coordinate chart (x i ) and
which is easily seen to be finite. 5 Note that pv(θ/f ), when it exists, is not the unique extension of θ/f , as we can always add a density whose support is in N . Also, if φ is an arbitrary density whose support is in N , then pv(φ/f ) = 0 . On the other hand pv pv(θ/f )/f is not defined for any smooth θ , as this would be the limit for ε → 0 of θ/f 2 restricted to M ε , which clearly does not exist.
If f and g define regular submanifolds not intersecting each other, then we have
Division
If θ ∈ D V (M , V ) then the product f θ is well-defined, for any smooth function f :
. If f has no zeroes then θ/f is uniquely welldefined too. In the more general situation when the divisor vanishes somewhere, we consider the multiplication equation f ξ = θ in the unknown ξ .
are solutions of f ξ = θ , then their difference is a solution of the associated homogeneous equation f ξ = 0 , and we have
When the divisor vanishes on a regular submanifold we have:
. In other terms, the space A of all solutions of the above equation is an affine space, with 'derived'
In particular if θ is a smooth ordinary section then pv(θ/f ) is a distinguished element in the space A of the statement of the above proposition. If θ = 0 then pv(θ/f ) = 0 and we can solve a problem of vanishing of product: the generalized densities ξ fulfilling f ξ = 0 constitute exactly the space
More complicated situations, in the general division problem, arise when the considered smooth function has zeroes of order greater than 1, or some of its transversal derivatives vanish on N ≡ ← f (0) .
Fourier transforms
Throughout this section X will stand for a real vector space of finite dimension m , endowed with a volume form η . On its dual space X * we take the volume form * η characterized by ( * η|η) = 1 . We use linear coordinates
Similarly we write * η = d m y ≡ dy 1 ∧ ··· ∧ dy m where y i are the dual linear coordinates on X * . Let S • (X, C) be the topological vector space of all rapidly decreasing functions X → C [10, 7] . Since
, called the space of complex tempered generalized densities on X. In particular, any polynomial in the linear coordinates defines a tempered distribution, and any distribution with compact support is tempered (typically, non-tempered distributions grow exponentially at infinity). It can be proved that S V (X, C) is closed under derivation. By considering the given volume form η , we can identify it with the space S(X, C) of tempered generalized functions.
For each y ∈ X * the "plane wave" functions S ± y : x → (2π) −m/2 e ∓i y,x are in S(X, C), and it can be seen that if (u k ) is a sequence in D • (X, C) converging to u ∈ S • (X) then the numerical sequences S ± y , u k converge. Then we set
and obtain maps
which turn out to be rapidly decreasing. We obtain continuous linear maps
which are naturally extended to continuous linear maps S(X, C) → S(X * , C) called the Fourier transform and anti-transform. Taking the fixed volume form η into account, they can also be seen as linear maps S V (X, C) → S V (X * , C) . Actually F ± turn out to be isomorphisms: the above constructions and results also hold if we exchange the roles of X and X * , and then one proves that F ∓ is the inverse of F ± .
If θ is a tempered distribution and u is a test map then
We'll also use the shorthandsθ
Ifθ is an ordinary function then of courseθ(−y) =θ(y) and the like.
If θ =θ d m x is an integrable ordinary density, then for v ∈ S • (X * , C) we have
We list a few basic properties for the Fourier transform and anti-trasform of any tempered distribution θ . We have
where an overbar denotes complex conjugation.
Let now b ∈ X and A ∈ End X be a fixed point and a fixed endomorphism of X, and consider the affine transformation
and, in particular,
where we used x as a "dummy variable". We also note that the Fourier transform and anti-trasform preserve parity symmetry and antisymmetry, and radial symmetry. Another important result is the following: if θ has compact support, thenθ is a smooth slowly increasing function. Moreover (Paley-Wiener theorem) F ± θ can be extended to an analytic map on C ⊗ X * . Conversely, the Fourier transform or anti-trasform of a continuous map fulfilling a suitable bounding condition [7] is a distribution with compact support.
Finally we note that if V is a complex vector space then the Fourier transform and antitransform can be immediately generalized to inverse isomorphisms
Partial Fourier transforms
If U is another vector space then it is natural to introduce the partial Fourier transforms and anti-trasforms by setting
, and extending them to maps acting on temperate distributions via the rules
In particular we have F + U (λ ⊗ µ) =λ ⊗ µ and the like. Moreover we have F
Fourier transforms: basic examples
We list a few basic examples. When needed we treat x as a dummy variable. Similar formulas can be written by exchanging the roles of X and X * . We have
The next examples are in X = R = X * . We'll deal with the Heaviside step function H, the sign function sgn and the characteristic function χ [a,b] of a real interval [a, b] , which are related by the identities (we are not interesed in values at single points)
We have
(e ∓iby − e ∓iay ) pv(1/y) ,
Somewhat related to the two last formulas we also have the physicist's integral representation of the Heaviside function: for any a ∈ R we have ± 2πi H(±y) e iay = lim
Elementary solutions of field equations
For simplicity we assume a fixed volume form on the base manifold M . Differential operators D and D ′ , respectively acting on smooth sections of the vector bundles V M and V * M , are said to be mutually distributional adjoint operators if D ′ σ, s = σ, Ds for any sections s and σ whenever the integrals are finite (integration is performed via the fixed volume form).
In practice we deal with polynomial derivation operators of order k ∈ N , namely with coordinate expressions of the type 
acting on the space of kernels ( §1.4)
and simple algebraic arguments then yield
A left (resp. right) elementary kernel for D ′ is defined to be a kernel E such that
Left and right elementary kernels for D are similarly defined in the transpose kernel space.
So in general, if there is a left elementary kernel, one has unicity results for the solutions of differential equations; if there is a right elementary kernel, one has existence results. Hence the importance of bilateral (both left and right) elementary kernels. If the kernel has regularity properties then one gets enhanced results, holding not only for ordinary smooth sections with compact support, but also for distributions with compact support. Note, however, that a right elementary kernel does not solve completely the existence problem, since in general one has to suppose that the right hand-side of the equation has compact support.
Let now E be a left semi-regular kernel ( §1.4). Then E⌋σ is a smooth ordinary section for all σ ∈ D • (M , V * ), and one gets a smooth section
If moreover E is a left elementary kernel for D ′ then
namely ǫ x is a so-called elementary solution for D, relative to the point x. Conversely, if ǫ x is an elementary solution relatively for each x ∈ M , then E is a left elementary kernel.
Remark. Generally speaking, solutions of the homogeneous field equation Dφ = 0 represent 'free propagating' fields, while a possible non-zero right-hand side represents a 'source'. Thus an elementary solution represents a field in presence of an 'elementary' (point-like) source. In fundamental field theory there is no fixed source; one rather has interactions between different fields, each one acting as a source for the other.
Special generalized densities on Minkowski spacetime
Propagators and their applications to quantum field theories are most naturally described in flat Minkowski spacetime with a fixed inertial observer. Though various types of extensions and generalizations can be devised, here we'll work in that basic context. So M is assumed to be an affine 4-dimensional space M whose associated vector space DM of "free vectors" is endowed with an L 2 -scaled ( §1.1) Lorentz metric g . We have
and denote future and past mass shells as *
Moreover we have the orthogonal splittings
into timelike and spacelike subspaces (i.e. parallel and orthogonal to the observer). We'll use orthonormal linear coordinates (x λ ) ≡ (x 0 , x ⊥ ) ≡ (x 0 , x 1 , x 2 , x 3 ) adapted to the above decomposition of DM , and denote as (
Note that these are respectively L-scaled and L −1 -scaled coordinates. When the context is clear we simplify our notations by indicating a generic "momentum" as p ∈ D * M , and also using that symbol as a "dummy variable". The standard volume forms on DM and D * M can be written as
4 p = dp 0 ∧ dp 1 ∧ dp 2 ∧ dp 3 ≡ dp
We'll also use associated time-spherical coordinates t, r, θ, φ on DM and τ, ρ, ϑ, ϕ on D * M , where τ ≡ p 0 and t ≡ x 0 , whence also
We'll also deal with the quadratic function
associated with the Lorentz metric g # of D * M . We'll use "natural units" ( §1.1), so that a mass is an element m ∈ L −1 .
Mass-shell Leray densities
For any given mass m we use the shorthand
The Leray forms of the functions
Seen as generalized densities on D * M , with supports in * K ± m , they can be written as
Next we introduce the L −2 -scaled Leray densities ( §1.5)
Remark. While the Leray form ω[g − m 2 ] is geometrically well-defined, the other generalized densities introduced above are observer-dependent.
The relations between ω[g − m 2 ] and ω[p 0 ∓ E m ] can be recovered by observing that
and that since p 0 = ±E m on * K ± m , there we get
This also implies the coordinate expressions
which must be interpreted as follows: the objects ω[p 0 ∓ E m ] , seen as 3-forms on * K ± m , can be identified with the spatial volume form d 3 p ⊥ under the diffeomorphisms *
given by the orthogonal projection associated with the chosen observer.
It is not difficult to show, for example by formal integration, that changing the argument's sign transforms ω ± m into minus one another, namely
Remark. Usually, in the standard literature, the above generalized densities are not introduced explicitely, but rather one deals with "delta-functions", that is generalized functions expressed in terms of the Dirac delta. In the expression
is essentially the traditional one, but note that this is an L-scaled generalized function (the relation between functions and densities on D * M is determined by the scaled volume form *
Next, writing p 2 − m 2 = τ 2 − E 2 m , for any suitable test function u and fixed p ⊥ we find
Accordingly we write
Fourier transforms of mass-shell Leray densities
The special generalized densities introduced in §2.1 are tempered, namely they are scaled elements in L −r ⊗ S V (D * M ) where r is either 2 or 3. Taking the orthogonal splitting of D * M into account we obtain
so that we have the partial ("spatial" and "temporal") Fourier transforms Lemma 2.1
6 This result can be immediately recovered by making the variable change τ ′ = a τ in the integral
, and considering the cases a ≶ 0 separately.
where
where we did the variable change τ = E m ≡ m 2 + ρ 2 and used the shorthand
Hence we find
Now the above integral apparently depends on the spherical angles θ and φ on DM via f . However ǫ ± m are radial, thus F ⊥ ǫ ± m have the same property and we can calculate the integral for any fixed value of θ and φ . Choosing θ = 0 we get f = cos ϑ , and doing the variable change s = − cos ϑ we get
whence we find the stated expression for
The calculations for F − ⊥ ǫ ± m are similar, and we get the same final result.
In the sequel we'll be involved with the generalized functions
which are well-defined as the Fourier transform and anti-transform of a bounded function. Moreover we'll use the shorthand
Proposition 2.1 We have
proof: If w is a test density on (DM ) × (DM ) ⊥ ) then using lemma 2.1 we get
whence the stated expression for F + ǫ + m follows. The other expressions follow from suitable variable changes.
Corollary 2.1 We have the identities
Moreover at t = 0 we have
.
We now introduce a further set of generalized densities related to mass-shells, namely
Denoting Fourier transforms and anti-trasforms respectively by hats and an overchecks we then find
proof: We carry out the explicit calculations for the first identity; the others follow similarly. We use the same argument about radial symmetry as in the proof of lemma 2.1, and the integral representations of the Heaviside distribution ( §1.8). Doing at at the proper passage the variable change σ = E m = m 2 + ρ 2 , for any test function u ∈ S • (DM ) we obtain 
(2π)
proof: Both identities can be obtained by comparing either the Fourier transforms or the Fourier anti-trasforms of their two sides, taking proposition 2.1 and lemma 2.2 into account.
Remark. In physics texts, approximate expressions like
are commonly used. We note, however, that the right-hand side does not characterize a unique combination of the generalized densities o m
[±±] , so we prefer to avoid such shortcuts in order to keep a fairly systematic approach.
Mass-shell related principal values
Recalling §1. 6 we then see that e ± m are principal value densities:
Actually, setting σ ≡ p 0 ∓ E m we obtain new coordinates σ, ρ, ϑ, ϕ on the future and past causal cones, with the m-shells characterized by σ = 0 , and we have
Moreover we set
and note that this is a geometrically well-defined generalized density (while e ± m are observerdependent). We have the identity e ± m (−p) = −e ∓ m (p) , which also implies that e m ≡ e + m − e − m is symmetric in its argument, as one expects from its above expression as the principal value of a symmetric density.
Proposition 2.3 We have
whence also
Using the variable change τ = E m = m 2 + ρ 2 and the spherical symmetry argument as in the proof of lemma 2.1 we find
We then get our statement using Fe ± m = F ⊥ F e ± m , e m ≡ e + m − e − m and lemma 2.2.
Corollary 2.2 Summarising propositions 2.2 and 2.3 we have the relations
which can be inverted as
Elementary solutions of the Klein-Gordon equation
As briefly discussed in the remark concluding §1.9, if D is a differential operator on DM then one is interested in solutions of the equation Dξ = δ[0], called "elementary solutions" in relation to the homogeneous equation Dξ = 0 , the general idea being that the solutions of the latter are "free fields", while elementary solutions are the buiding blocks of field interactions. The main point of our discussion is now then that the problem of finding and classifying elementary solutions can be converted, via Fourier transform, to a problem of division ( §1.7). The Klein-Gordon operator, acting on C-valued distributions in flat spacetime, is the L −2 -scaled operator + m 2 , where ≡ g λµ ∂ λ ∂ µ is the d'Alembertian (or wave operator ). The elementary solutions of the Klein-Gordon equation are then the generalized densities ξ on DM fulfilling
By taking the Fourier transform of both members, we see that ξ is an elementary solution if and only if its Fourier transformξ fulfills 
(ii) The vanishing of (−g + m 2 ) ǫ ± m follows from general arguments ( §1.7), and can also be directly checked by
So we can construct elementary solutions by adding to − 1 2 e m any linear combination of ǫ ± m and then taking the inverse Fourier transform. 7 We'll be particularly involved with the combinations
Proposition 2.5 We have the elementary solutions
proof: It follows from the above considerations and the identityě m = i sgn(t) (ǫ + m +ǫ − m ) , found in proposition 2.3.
Klein-Gordon propagators
Spacetime propagators (also called Green functions) essentially arise as Fourier transforms and anti-transforms of combinations of the generalized densities e m and ǫ ± m , in relation to the classification of elementary solutions of the Klein-Gordon equation, and also appear in the evaluation of quantum field super-commutators. These objects can be seen, via the distinguished volume form η , as generalized functions on DM . We shall denote them by symbols of the type D m , where the square is to be replaced by some label, and by D ≡ D 0 in the massless case m = 0 . The corresponding two-point propagators are essentially kernels on M ( §1.9) written as K(x, x ′ ) = D (x ′ − x) .
In the literature, propagators are introduced in various slightly different forms as generalized integrals, and a precise comparison among these is not always immediate; moreover there may be differences in basic conventions (see also the remark ending this section).
Considering the integrals
we observe that D ± m are generalized functions which can be respectively seen as the Fourier transform and anti-transform of the Leray density of the future mass-shell. Indeed these apparently spatial integrals can be conveniently rewritten as
Moreover we introduce the combinations
Using definitions and remarks in §2.1 we can also write
Similarly we find
We easily check the identities
Moreover from corollary 2.1, or directly from the definition of ̥ ± m , we also see that at t = 0 we have
Remark. Since the generalized densities ǫ ± m are observer-dependent, so are the generalized functions D ± m ; but their sum D m is a geometrically well-defined object, as it is the Fourier transform of the observer-independent Leray form ω[g − m 2 ] . This implies that D m vanishes outside the causal cone, that is g(x, x) < 0 ⇒ D m (x) = 0 .
We also consider the partial derivatives
and in particular the time derivatives
At t = 0 , in particular, we find 
We obtain elementary solutions (not all possible elementary solutions) by adding any combination of these to i D
. In particular, we obtain the elementary solutions
and the identities
The generalized functions D Remark. There is no uniformity in the literature about the precise notations and conventions related to the family of generalized functions we denoted by the symbol D. Common choices are ∆ , D or G. Precise definitions may differ by factors ±i or given in a slightly different form, and may also depend from other conventions (e.g. the spacetime metric signature). Physics authors tend to focus on the practical formulas they effectively need rather than on a systematic treatment. Barut [1] is one text which gives more details; there, the symbols ∆ 1 and∆ essentially correspond to our D • and D • . 
But there are further aspects, since we have 0-mass shells and related generalized densities in D * M and in DM as well. The analogous distributions on DM will be denoted by analogous symbols without any mass label, namely
A further novelty is that for m = 0 we can express the generalized functions ̥ ± 0 explicitely:
proof: Recalling ( §1.8) the expressions of F ± H(ax) · exp(±iax) and using the Euler identities we get
and also obtain ̥ − 0 (t, r) as ̥ + 0 (−t, r) . The second formula follows immediately from the definitions of the involved objects, taking r dt ∧ Σ = d 4 x into account.
In the most important formulas, the generalized densities e ± and e ± 0 always appear in the combinations ( §2. # (p, p) .
Proposition 2.6
We havê
proof: From proposition 2.1 and lemma 2.3 we havê
The other formulas easily follow from these. In particular, the last line is obtained by applying F ∓ to F ± (ǫ + − ǫ − ) = −e 0 , which is the specular form of the demi-last line.
Remark. We also have the specular identitieŝ
obtained by exchanging analogous objects in DM and D * M .
Propagators in the massless case
For m = 0 we deal with solutions and elementary solutions of the wave equation. We simplify our notation as D ± ≡ D ± 0 , and obtain
Moreover we write
, and obtain the identities
Then D ± η , D η and D • η are solutions of the homogeneus wave equation. We also consider the elementary solutions 8
and get the identities
Finally we observe that, since ( §2.1)
we can also write , x) ) .
Remark. The considered solutions and elementary solutions of the wave equation can be written as combinations of the special generalized densities e and ǫ ± on DM . This semplification does not occur in the massive case m = 0.
Propagators and vector-valued fields
Elementary solutions are meant to describe the field produced by a point-like source, which in the scalar cases on DM examined so far is situated in {0} ∈ DM . In order to transfer our description to the affine Minkowski space, we consider the identification M ∼ = DM determined by any choice of x ∈ M , so if ξ is an elementary solution we get a kernel of the form Ξ(x, x ′ ) = ξ(x ′ − x) . This procedure can be extended to the case of V -valued fields, where V is a vector space, by starting from End V -valued distributions on DM . Then the kernel determined by such a distribution is End V -valued too. A point-like source is represented by a couple (x, v) ∈ M × V , and Ξ(x, x ′ )⌋v is the corresponding field produced by it. 8 The fact that i D ret η = ǫ + and i D adv η = −ǫ − are elementary solutions of the wave equation, namely ǫ ± = ±δ , can be calso checked by a direct calculation. See for example Choquet-Bruhat and DeWittMorette [7] , § VI.C.5, page 511.
Elementary solutions of the Weyl equation
Let W be the vector space of Dirac spinors and
the "contravariant" Dirac map (which is a scaled Clifford map). A right elementary kernel for i / ∇, where / ∇ ≡ γ λ ∇ λ is the Dirac operator, is a generalized map E : 
Moreover we haveΨ 
In particular we obtain the solutions
. Finally we observe that these objects fulfill the same algebraic relations as the analogous solutions of the wave equation.
Elementary solutions of the Dirac equation
yielding a right elementary kernel expressed as E(x, x ′ ) = Ψ(x ′ − x) . 
In particular we obtain the solutions 
These objects fulfill the same algebraic relations as the analogous solutions of the KleinGordon equation.
Graded commutators of quantum fields
If the fields of a classical theory are sections of a vector bundle E M , then one can consider a quantized theory in which the fields are sections of a "quantum bundle" E ≡ O ⊗ E M , where O is a certain infinite-dimensional Z 2 -graded algebra (in the case of a gauge field, that is a connection, one has to "fix a gauge" in order to proceed). One then finds that the graded commutators of quantum fields evaluated at different spacetime points are strictly related to the generalized functions examined in §2.
In this section we sketch the basic involved constructions in flat spacetime, and show how propagators are generated in a generic setting. Applications to gauge theories and discussions about extension to curved spacetime can be find in previous papers [4, 5, 6 ].
Quantum states and operator algebra
If m ∈ L −1 then the future mass-shell P m ≡ * K + m ⊂ D * M can be seen as the space of 4-momenta of particles of mass m . The classical "internal" particle structure is described by a vector bundle Z P m , either real or complex, which may be not trivial in general. We'll be involved with the spaces
of Z-valued and Z * -valued test semi-densities and generalized semi-densities ( §1.3). Moreover for any n ∈ N we set
where ♦ denotes either symmetrized or antisymmetrised tensor product (respectively for bosons and fermions) and
We say that Z and Z * are the multi-particle state spaces for a given particle type and the corresponding antiparticle, respectively. Repeating the above constructions for each one of many particle types, with masses m ′ , m ′′ , . . . and internal bundles Z ′ , Z ′′ , . . . , we can assemble all of them into total state spaces
where V n and V * n , constituted of all elements of tensor rank n , are respectively the spaces of all states of n particles and anti-particles of any type. Similarly we construct the dense subspaces V • ⊂ V and V which are the quantum configuration space and its subspace generated by test semi-densities.
A monomial element φ ∈ Q may have fermionic and bosonic tensor factors. We define its grade ⌊φ⌉ to be the number of its fermionic factors (that is its skew-symmetric tensor algebra rank). Then we have on Q a natural structure of Z 2 -graded algebra, as we can define the "exterior product" of any two elements by doing either symmetrized or skew-symmetrized tensor products of the appropriate factors, 9 and extending it by linearity. Moreover an obvious extension of the contraction between distributions and test objects yields an "interior product" (ζ | ψ) between elements ζ ∈ V * and ψ ∈ V, well-defined when either factor is a test object and, actually, well-defined in many more cases though not for any two factors. If ζ ∈ V * 1 and z ∈ V 1 then (ζ | z) ≡ ζ, z . Whenever the involved factors have definite grade and all expressions are well-defined, we get the rules
which are essentially the same rules as one has in finite-dimensional exterior algebra. For ζ ∈ V * 1 and z ∈ V 1 we have the linear maps Then the above algebraic rules yield O n acquires a structure of Z 2 -graded algebra. Composition without normal reordering is also considered, but it must be intended in a generalized sense ( §3.2).
Free quantum fields
As hinted at the beginning of §3, if E M is a classical vector bundle then we can view E ≡ O ⊗ E M as the corresponding "quantum bundle", whose sections are the quantum fields. There are various issues involved: in particular, the construction of O depends on the choice of an observer (determining the orthogonal splitting of D * M ), and the possible extension to curved spacetime is not at all obvious. These questions were discussed to some extent in previous papers [4, 5] . Eventually one must conclude that such difficulties cannot be thoroughly and definitely solved in the context of the existing theory. A further complication is that the fields, in some sectors, may be subjected to contraints of various types. However we maintain that the setting offered in §3.1 and §3.2 is an adequate starting point for an outline of essential notions. We now summarize some points from the previous sections and make a few preliminary observations. Each "internal" classical bundle Z P m , together with its dual (anti-particle) bundle Z * P m , determines a "sector" of the theory under consideration. The basic operators a pα and a * pα are interpreted as absorption and emission of a particle of momentum p ∈ P m and internal state b α (p) -in general the frame depends on momentum. Similarly we have basic operators a pα ≡ a[B pα ] and a * pα ≡ a * [B pα ] , interpreted as absorption and emission of an anti-particle of momentum p ∈ P m and internal state b α (p) .
Next we observe that the above basic operators can be regarded as O-valued generalized maps on P m , namely we can write Since 4-momenta can be labeled by their spatial part p ⊥ , we can select the fiber Z 0 at p ⊥ = 0 and represent a particle's internal states as elements in it provided that we avail of a family of linear isomorphisms K(p) : Z 0 → Z p , p ∈ P m . In the main cases of physical interest we actually have this; moreover the fibers of Z P m are endowed with a scalar product, either real or Hermitian, and K(p) is unitary. Then we define a free quantum field as φ ≡ φ α b α (0) : DM → O ⊗ Z 0 where
which, because of the condition p 0 = E m (p) ≡ (m 2 + p 2 ⊥ ) 1/2 , is a combination of a Fourier transform and a Fourier anti-transform of distributions with support in P m . Note that in order to get a field on M one still has to fix a point o ∈ M (an "origin"), determining an identification DM ∼ = M . Together with point interactions, free fields can be regarded as "building blocks" of field dynamics.
Remark. Strictly speaking, φ α is valued in the completion of O constituted by equivalence classes of curves Z : R → O with the following property: the limit lim λ→0 [Z(λ)χ] ∈ Q exists in the sense of distributions for all χ ∈ Q • . Now we can just replace Z with Z * and repeat the same construction in order to obtain an anti-particle free fieldφ ≡φ α b α (0) : DM → O ⊗ Z * 0 . There is one slight complication, however: in order to eventually obtain the graded commutator identities expected in quantum field theory we have to set φ α (x) = 1 (2π) 3/2
where the double sign refers to bosonic and fermionic fields, respectively.
Remark. If Z is complex then a Hermitian scalar product on its fibers determines an isomorphism Z * ∼ = Z, where the latter is the conjugate bundle. Accordingly one can equivalently introduce the fieldφ as a construction in terms of Z. On the other hand, in the physics literature one often deals with an essentially matrix language, in which several details of the underlying algebraic structure are not made explicit, but we maintain that a few hair-splitting observations can clarify various issues related to notations and conventions.
Remark. The case of fields related to Dirac fermions is somewhat more complicate as the internal structure of a particle and its anti-particle are described by mutually orthogonal sub-bundles of dual bundles [3, 4, 5] .
Propagators from graded commutators
The basic super-commutation rules of emission and absorption operators can be rewritten as
while other super-commutators vanish, namely
Then, for any two x, x ′ ∈ DM we have the vanishing super-commutators
Moreover we find the graded commutators
whereφ α,λ ≡ ∂φ α /∂x λ , φ α ,λ ≡ ∂φ α /∂x λ (we'll show some explicit calculations below). We note that these expressions depend on the difference x − x ′ . This is meaningful, as we recall that in the definitions of φ α (x) andφ(x) one must have x ∈ DM , so that the choice of a reference point is needed in order to get fields defined on M . The above graded commutators, however, turn out to be independent of that choice.
We are specially interested in equal times graded commutators (x 0 = x ′0 ). We get
As already observed ( §2.5) the fact that D m is a geometrically well-defined distribution, independent of the chosen observer, implies that the above graded commutators vanish whenever x − x ′ lies outside the causal cone in DM . This fact is important because excludes superluminal influences in field propagation.
In the generic field theory that we are considering, the most natural free-field Lagrangian density has an expression of the type whence we get the "conjugate momenta" Π α =φ α,0 and Π α = φ α ,0 respectively associated with φ α andφ α . We then see that the equal-time graded commutation rules
are fulfilled. These are required to hold as an implementation of the principle of correspondence in a Hamiltonian context. Their validity for interacting fields (solutions of the full field equations with interactions among different sectors) can then be inferred by general arguments based on the form of the dynamics. Note that, in standard expressions written in terms of field components, the product of field components valued at the same spacetime point is defined through normal ordering ( §3.1), in order to obtain O-valued quantities. Instead, normal ordering is not assumed in the above rules, which must be intended in a generalized distributional sense.
